We introduce a continuum model for a fibre reinforced material in which the reference orientation of the fibre may evolve with time, under the influence of external stimuli. The model is formulated in the framework of large strain hyperelasticity and the kinematics of the continuum is described by both a position vector and by a remodelling tensor which, in the present context, is an orthogonal tensor representing the fibre reorientation process. By imposing suitable thermodynamical restrictions on the constitutive equation, we obtain an evolution equation of the remodelling tensor governed by the Eshelby torque, whose stationary solutions are studied in absence of any external source terms. It is shown that the fibres reorient themselves in a configuration that minimises the elastic energy and get aligned along a direction that may or may not be of principal strain. The explicit analysis of the Hessian of the strain energy density allows us to discriminate among the stationary solutions, which ones are stable. Examples are given for passive reorientation processes driven by applied strains or external boundary tractions. Applications of the proposed theory to biological tissues, nematic or magneto-electro active elastomers are foreseen.
Introduction
In continuum physics, the term remodelling is used to denote a large variety of mechanical processes that occur in living tissues [1, 2, 3, 4, 5, 6] , or in active materials [7, 8] : as a result of an external stimuli, these materials can actively modify their internal structure to adapt to the new loading conditions. In the framework of continuum mechanics, this effect is modelled by prescribing how an infinitesimal volume element would deform if isolated by the rest of the body [?, ?, 9] (see also [10] ). If neighbouring elements are transformed in a incompatible way, the body maintain its integrity by developing internal stresses [11, 12, 13] ; incompatibility may also be viewed as a source of macroscopic instability leading to a sudden change of shape [14, 15, 16] .
A particular form of remodelling is reorientation. Active fibre reinforced materials may be able to organise their internal structure and change the orientation of the fibres in response to environmental changes. Many biological tissues have this feature and drive orientation and reorientation by controlled stimuli at chemo-mechanical levels. One paramount example are the osteons in bones, which are able to precisely control the orientation of their internal fibres to optimally tune the mechanical functions during the development; later, during lifetime, fibre reorientation is used to adapt to environmental stimuli [17, 18, 19] .
Reorientation also occurs in active materials such as liquid crystals, nematic or magneto-rheological elastomers, to cite but a few. Liquid crystals possess some properties typical of liquids as well as certain crystalline properties, that allow them to be described, from a continuum mechanics perspective, as transversely isotropic materials endowed with a characteristic director field representing the macroscopic manifestation of the anisotropy at molecular level. The peculiar property of liquid crystals is that the orientation of the director is easily controlled by magnetic or electric fields due to the anisotropic susceptibility of the molecules [20, 21] . In Ref. [22] , the reorientation of the magnetization by external magnetic fields drives the reorientation of the director field, and the static response as well as the complex dynamics of ferromagnetic liquid crystals under the application of an external magnetic field is investigated. Likewise, liquid crystal elastomers present a strong coupling between molecular orientation and macroscopic shape, given by their hybrid character between liquid and rubber. One of their distinctive features is that changes of the molecular orientational order, induced by temperature variations, drive the macroscopic deformation of the body. If the director field changes uniformly within the body, the resulting macroscopic deformation is uniform; inhomogeneous deformations, such as bending or torsion, occur when the director field is nonuniform [23, 24, 25] . Finally, it has been recently shown that short carbon fibres can be aligned during the curing phase of an elastomer by applying an external magnetic field [26] : due to their anisotropic susceptibilities, fibres rotate and dispose parallel to the magnetic field lines. Inhomogeneous field can also be used to achieve complex fibre patterns [27] . Once the curing process is completed, the movement of the fibres is hampered by the matrix and the application of the magnetic field produces a deformation of the entire solid [28] .
The modelling of reorientation is a major challenge in continuum physics. In the framework set forth in Ref. [9] , fibre reorientation can be described by an evolution equation derived by combining suitable constitutive prescriptions with balance equations, and driven by source terms that account for the physical context of the problem. In Ref. [29] , bone tissues were modelled as microstructured continua, whose macroscopic mechanical properties were described by a linear, anisotropic elastic constitutive equation whose moduli evolved with time due to the evolution of the fibre direction. The rotation field that controls the current orientation of the fibres was given as the solution of a first order differential equation whose source term is independent of any external stimuli; thus, this process can be denoted as passive. The authors introduced a unified approach to both phenomena (elastic moduli and fibre orientation evolution), based on the principle of virtual powers accompanied by a carefully tailored version of the dissipation inequality, but their model was restricted to small strains and two-dimensional problems. A different physical context drove the study of deformations induced by the reorientation in nematic elastomers in Ref. [23] . The modelling was embedded into the same formal setting of Ref. [29] , but the finite rotation was controlled by an external source and therefore the process was active. Reorientation in hyper-elastic materials was also the focus of the work presented in Ref. [30] , where a finite element framework was introduced. In that work, the evolution law of the rotation field was postulated independently of the standard mechanical balance, in a way that the fibres reorient in the direction of maximum principal strain. An additional entropy term was added to the dissipation inequality to satisfy thermodynamical consistency. A similar approach was used in Ref. [31] to study fibres alignment and reorientation in biological tissues. The coupling between mechanical anisotropy and tissue remodelling was described by using a transversely isotropic constitutive equation in which the preferred orientation of the fibres evolves towards the direction of maximum principal stretch, following a governing equation postulated by the authors. A strain-driven evolution equation was also used in Refs. [18, 32, 33] . On the contrary, remodelling controlled by the maximum principal stress was used, for instance, in Refs. [3, 34, 35] .
Within the fecund context of growth and remodelling, we aim to introducing a model, consistent with thermodynamics and finite elasticity, capable of describing the active and passive reorientation in fibre-reinforced materials under a finite deformations regime, within the axiomatic context proposed in Ref. [9] . To do so, we use the enriched continuum description represented by a macroscopic deformation field complemented with a time dependent rotation field, tracking the evolution of the fibres. Such a choice allows us to introduce an inner and an outer remodelling torque that are the work conjugates of the reorientation velocity. Remarkably, it is shown that the inner couple is the skewsymmetric part of the Eshelby stress tensor. The evolution equation of the rotation field is derived by imposing suitable thermodynamical restrictions on the constitutive equations and not postulated a-priori. The solutions of the evolution equation are studied thoroughly with particular emphasis on the passive case, when the reorientation is driven purely by mechanics. It is also shown that the proposed approach can encompass either the linear model in Ref. [29] , and the nonlinear approaches followed in the literature ( [18, 32, 30, 31] , to cite but a few), in which the evolution equations were postulated rather than derived from thermodynamics. Moreover, in the case of two equal principal stretches, our model predict that no reorientation takes place, whereas the same condition was forced a-posteriori on the evolution equation in Refs. [30, 31] . Finally, an in-plane remodeling process, in which the fibres lie in a plane orthogonal to the rotation axis, is explicitly studied and serves as a comparison with other literature contributions (see, for instance, Refs. [30, 31, 36] ). A few examples are given for passive reorientation processes under applied strains or boundary tractions. The evolution of the fibre orientation, as well as the stress and the characteristic times of the remodelling process are analysed through numerical examples.
Modeling reorientation in finite elasticity
We set the reorientation modeling within the general framework of the theory of finite elasticity with remodeling presented in Ref. [9] (see also Ref. [29] where fibres reorientation is studied within the context of the linear theory of elasticity). We limit our analysis to transversely isotropic materials and stress the thermodynamic restrictions that make the evolution of fibre orientation coupled with the standard balance equations of finite elasticity.
Kinematics
We define X as the material point of the body, identified with a region B of the Euclidean three-dimensional space E. The deformation of the body is a time-dependent map p : B × T → E that assigns at each point X ∈ B a point x = p(X, t) at any instant t of the time interval T ; accordingly the set B t = p(B, t) is the configuration of the body at time t. We introduce the displacement field u such that x = X + u(X, t), and we assume that at some instant t = t 0 , the body occupies the reference configuration, that is, p(X, t 0 ) = X for each point in B. We consider deformations that are twice continuously differentiable and, so, we can write
that represent the deformation gradient and the material velocity field, respectively. In addition, we introduce a material vector field a 0 : B → V, with V the translation space of E, such that a 0 ·a 0 = 1, that represents the preferred direction that the internal structure endows to the material, i.e., the direction of the fibre at position X. The corresponding orientation tensor is A 0 = a 0 ⊗ a 0 . The remodeling process is defined by a time-dependent rotation, here identified with a tensor field R : B ×T → Rot, that makes the referential orientation A 0 (X) evolving with time; accordingly, we write
for the remodeled orientation tensor, with A = a ⊗ a, and
for the remodelled fibre orientation. In the present framework, we call the pair (p, R) the local configuration space and the associated velocity field is identified by the time derivatives (ṗ,ṘR ) ∈ V × Skw. As such, the pair (w, W) ∈ V × Skw are the corresponding virtual velocities. Throughout this paper, the dependence on the referential coordinates X and the time t will left tacit unless otherwise specified.
Balance equations
In this section, through the principle of null working, we introduce the balance equations of forces and the further balance equation which drives the evolution of the remodelling tensor R.
By introducing the forces and torques that act conjugate to each kinematic variable, we define the working, which is a continuous, linear, real-valued functional on the space of virtual velocities, that can be additively decomposed into an outer virtual working W e and an inner virtual working W i . Therefore, we write
The pair (z, s) are the forces per unit of (referential) volume and area, respectively, and, consequently, S is the (first) Piola-Kirchhoff stress tensor. The pair of tensors (Z, Σ) are the torques per unit of (referential) volume and area, and represent the outer and inner remodelling torques. The outer torque Z is an external source term, that can incorporate stimuli such as the mechanical effects of the biochemical control system in biological tissues or the thermal and electric field-induced effects observed in nematic elastomers [1, 24] .
By enforcing the condition that the working must be null for any test velocities (w, W) ∈ V × Skw, we obtain the following balance equations and boundary conditions:
with ∂ u B and ∂ t B as the parts of the boundary ∂B where displacements and tractions are prescribed and m the unit normal to ∂ t B. The actual outer working, that corresponds to balanced forces and torques (z, s; Z), can be reduced to the form
which identifies the power expended during the evolution of the continuum.
Constitutive Equations
We now consider a class of materials which admits a strain-energy density function which is, in general, a function of F. However, the existence of a preferred direction makes the material response transversely isotropic and implies that the strain energy function additionally depends on the evolution of the anisotropy axis. This, together with the requirement of invariance under both changes of observer and rigid body modifications, allows the strain energy density to be written as the map ψ : 8) in which the function φ is an isotropic function of the right Cauchy-Green strain tensor C = F F and of the remodelled orientation tensor A. 1 This entails the symmetry group
of the stored energy function to evolve with time through the remodelled tensor A.
It is well-known that for a transversely isotropic material, such as the one described by Eq. (2.8), the dependence of the strain energy function on the pair (C, A) is through five principal invariants,
and
which depend on both the strain and, through A, the remodelling tensor R (as it is the case for I 4 and I 5 ). In this sense, the invariant I 4 has the direct interpretation as the square of the stretch in the remodelled direction of the fibre, whereas the invariant I 5 introduces an additional effect that relates to the behavior of the reinforcement under shear deformations [37] . Equations (2.10)-(2.11) allow us to write the strain energy function in (2.8) as
Thermodynamics restrictions
In the mechanical context we consider, we replace the first and second laws of thermodynamics by an energy imbalance [38] , which expresses the requirement that, for any realizable process (p, R), the time-rate of the total energy does not exceed the outer working expended along the same process. So, the (local form of the) dissipation inequality yieldsψ
along any process and for each time instant. In view of (2.8), the time rate of strain energy density is rewritten in terms of partial derivatives aṡ
By using trivial properties of the algebra of symmetric tensors, we write With these results in hand, the dissipation inequality (2.13) takes the form
Notice that the second term in the inequality is sometimes added artificially, and called extra entropy term, to satisfy thermodynamical consistency and capture the effects related to processes that may stiffen the material [30] . Here, on the contrary, such a term naturally arises from the kinematic description.
If there is no elastic dissipation, the stress is completely determined by S = 2F∂φ/∂C = ∂φ/∂F, whereas the inner remodelling torque can be split into an elastic part Σ e and a dissipative part Σ d :
where D is a fourth order positive definite tensor, such that DW · W ≥ 0 for any W ∈ Skw and represents the resistance to remodelling.
To make explicit the dependence of the elastic torque on the stress tensor, we now further exploit the relationship (2.12). We first obtain the expression of the second Piola-Kirchhoff stress tensor T = F −1 S = 2∂φ/∂C of a transversely isotropic material as 20) with φ i = ∂φ/∂I i (i=1...5); then, by making use of the derivatives of the strain invariants ∂I 4 /∂A = C and ∂I 5 /∂A = C 2 , we calculate
that allows us to write the following alternative expression of the commutator 23) which is the generalisation to the nonlinear settings of the linear remodelling torque introduced in [29] and points out how the stress tensor and the remodelling self-torque are coupled. As highlighted in Ref. [9] , this coupling is mandatory and independent of any special assumption on the strain energy. Additional couplings-through the external field Z, in particular-are legitimate, and may assume different forms depending on the type of stimuli that induce the fibre reorientation.
Remark The relationship (2.23) can be further rearranged to make the Eshelby stress tensor E = φ(C, A)I − CT appearing. In fact
that justifies the appellative of Eshelbian torque used to refer to Σ e .
The remodelling equation
Using the above derived constitutive equations into the balance Eqs. (2.5), we obtain the evolution equation which drives the remodelling of the microstructure:
where we have assumed that at time t 0 the configuration of the body coincides with the reference configuration and that D is constant; however, more complex choices can be easily accounted for. Correspondingly, at each instant, we have a family of elastic problems driven by the Eq. (2.25) and governed by the balance of forces Div S + z = 0 with S = FT , and T = 2 ∂φ ∂C .
Reorientation is denoted as passive if Z = 0; otherwise, the torque Z makes up the effect of an external stimulus on the reorientation of the fibres, and such a reorientation is denoted as active. As an example, we cite Ref. [23] where it is assumed that the external source Z models the effect of an electric field on the director rotation and can be represented as a function of the field and A depending on the elastomer permittivity and the Frank constant (see Eq. (3) in Ref. [23] ). Actually, since the time scales associated with remodeling are much longer than those associated with inertia, no inertial loads will be considered in the balance of forces. Hence, in absence of other bulk loads, we set z = 0 from now on.
Passive remodelling
We start by studying the stationary solutions of the remodelling Eq. (2.25) in the purely passive case, i.e., Z = 0. Equation (2.25) 1 is rewritten as 27) where the function T (C, R) = T is used to indicate the constitutive Eq. (2.20) and to highlight the dependence of the stress tensor T on the remodelling tensor R. Remarkably, we are going to show that the source term [T (C, R), C] in (3.27) is indeed the derivative of the strain energy density ψ with respect to the rotation tensor R. This implies that, for any given deformation C, the stationary solutions of the remodelling equation, for whichṘR = 0, are extremal points of the elastic strain energy, i.e., equilibrium solutions of the elastic problem.
To prove this property, we necessitate the following definition of coaxiality: given two symmetric tensors U and V, we have
Equation (3.28) highlights that the commutator is indeed a measure of the defect of coaxiality between symmetric tensors, in the same way as the cross product measures the defect of collinearity between vectors.
We are now in the position of introducing the following Proposition that completely characterises the class of stationary solutions of (3.27):
Proposition 1 For any given deformation C, the following statements are equivalent (a) R * is a stationary solution of the remodelling Eq. (3.27);
(b) stress T * = T (C, R * ) and strain C tensors are coaxial; (c) R * is a stationary point of the map
where ψ is the strain energy density defined in (2.8).
Before passing to the proof, we highlight two important facts: (i) the condition (b) of coaxiality between the symmetric Piola-Kirchhoff stress and the right Cauchy-Green strain is equivalent to the coaxiality between the Cauchy stress σ = (det F) −1 FTF and the left Cauchy-Green strain B = F F (see for instance Ref. [39] ); (ii) the function σ defined in (3.29) is a continuous function over the compact Lie group Rot and, hence, has an absolute minimum and maximum; therefore, for each prescribed deformation C, there are always at least two stationary solutions.
Proof The equivalence between (a) and (b) is an immediate consequence of the definition of coaxiality (3.28), for which if T * and C are coaxial, then [T * , C] = 0, and, hence, R * is a stationary solution of (3.27) .
To prove the equivalence between (b) and (c), we follow Ref. [39] , and note that the map σ is a continuous and derivable function whose stationary points can be characterised by letting the tangential derivative at R * to be zero. By exploiting the canonical isomorphism between the tangent space Rot(R) at R ∈ Rot and Skw for which Rot(R) = {WR|W ∈ Skw}, we writė Proposition 1 highlights a major difference between our approach and those followed in Refs. [18, 32, 30, 31] : in a passive remodelling process, the evolution of the material microstructure is totally controlled by the elastic energy in the sense that the fibre rotates towards a configuration which makes the energy stationary; differently, in other literature contributions the rotation of the fibres is controlled by the maximum principal strain or stress. However, the two approaches are partially reconciled by the following proposition.
Proposition 2 The rotation R * that aligns the remodelled preferred orientation a * = R * a 0 with a principal strain direction, is a stationary solution of (3.27).
Proof If the remodelled orientation a * coincides with a principal strain direction, by using the constitutive Eq. (2.20) and by calling λ * the associated principal stretch (eigenvalue of C), we write
where the symbols φ * i = ∂φ i (C, R * A 0 R * )/∂I i , (i = 4, 5), are used to highlight the dependence of the energy derivatives on the rotation R * . Equation (3.31) shows that a * is also a principal direction of stress, thus, T * and C are coaxial and in view of the result in Prop. 1, R * is a stationary solution of the evolution Eq. (3.27).
Remark Due to the coaxiality between T * and C at the stationary solution, the principal directions of stress and strain coincide, thus, Proposition 2 could have been equivalently formulated in terms of principal stresses.
Proposition 2 highlights the fact that the rotations which make the fibres aligned with the principal strain directions are stationary solutions of the remodelling equation. However, the converse is in general not true and there may be other rotations which solve (3.27) . In fact, if we call a * a remodelled fibre orientation which is not a principal direction of strain, and we indicate with e the actual principal strain direction and with λ the associated principal stretch, we have
with a * · e = 0. Equation (3.32) shows that T * and C are coaxial, and R * is a stationary solution, if and only if φ * 4 and φ * 5 vanish, i.e.,
These two equations define two surfaces on the space of rotation Rot, whose intersection gives the rotations R * that solve Eq. (3.27). If these rotations exist, they select remodelled orientations a * along which fibres are totally unstretched. This together with the assumption that the strain energy is convex in I 4 and I 5 guarantees that the corresponding configuration is a minimum of the elastic energy.
The existence of solutions of (3.33) clearly depends on the deformation C, as it will be shown in the next section for some examples. In any case, we ought to remark that this additional solution is not caught by the maximum principal strain approach followed in the literature.
To further assess the stability of the stationary solutions and give a precise criterion for deciding whether they are a minimum or a maximum of the energy, we now evaluate the second derivative of σ, i.e., the Hessian of the strain energy density. If the Hessian in correspondence of the stationary solution is positive definite, then the energy is convex and, due to the minus sign in Eq. (3.30), the associated rotation is a stable solution of the evolution equation. This again confirms that Eq. (3.27) drives the remodelling process towards a fibre orientation that minimise the elastic energy.
To evaluate the second derivative of σ, we make use of (3.30) and, by fixing U ∈ Skw, we consider the smooth function ∆ : R → Dσ(R)[UR] defined on Rot. The tangential derivative of ∆ at R in the direction corresponding to the skew-symmetric tensor
that, after using Eq. (2.12), and exploiting the algebraic properties of skew-symmetric tensors, can be written as the symmetric bilinear form
where
The evaluation of the sign definiteness of the Hessian can be carried out by exploiting the well-known isomorphism between the skw-symmetric tensors and the Euclidean three-dimensional vector space. Upon choosing a proper basis in Skw, one can identify H with a second order symmetric tensor H whose components are H ij = H[W i , W j ]; accordingly, the evaluation of the sign definiteness of H is reduced to the study of the sign of det(H). A detailed analysis of the energy convexity in correspondece of the stationary solutions will be carried out in the next section.
In-plane remodeling
In this Section we study the case of fibres that, at each time instant, lie in a plane orthogonal to the axis of rotation and we refer to it as in-plane remodelling. We call {e 1 , e 2 , e 3 } an orthonormal basis in the vector space V and assume that the plane oriented with e 3 contains the fibres and the rotation has an axis parallel to e 3 (Re 3 = e 3 ). To further simplify the analysis, we assume that the mobility tensor D is isotropic and determined by the positive scalar constant m as D = m/2 I. The rotation tensor R is parametrized with the angle θ = θ(X, t), that represents the remodelled direction that the fibre forms with the e 1 -axis, i.e, a = cos θ e 1 + sin θ e 2 . Accordingly, the initial orientation field A 0 is determined by the angle θ(X, 0) = θ 0 (X), whereas the stationary orientation field A * by the angle θ(X, ∞) = θ * (X). With this parametrisation, the evolution Eq. (2.25) reduces to a scalar equation of the sole variable θ. In fact, the rate of change of the remodelled directionȧ =ṘR a can be rewritten aṡ 36) or, by using the constitutive Eq. (2.20), aṡ
From here, by assuming that e 1 and e 2 are the principal strain directions 2 and by using the parametrisation of a in terms of θ, we arrive aṫ
where we have kept explicit the dependence of the energy derivatives φ 4 and φ 5 on the principal stretches λ 1 , λ 2 and the remodelled angle θ. 
due to the properties of the dyadic product. 3 As such,ṘR = 0, R(X, t) = I and a(X, t) = a 0 (X) for all t, i.e., the fibre maintains its reference orientation for every value of the principal stretches. It is worth noting that in the maximum principal strain approach followed in the literature, this null remodelling condition, which naturally arises in the present theory, is usually imposed a-posteriori on the evolution equation. 
with µ and γ constitutive parameters (µ, γ > 0). Accordingly, Eq. (3.33) has only one solution when when λ 1 is tensile and λ 2 is compressive or viceversa. The entire set of the stationary solutions of (4.38) is plotted in Fig. 1 in terms of the stationary angles θ * . It is seen that, when both the principal stretches are tensile or compressive, Eq. (3.33) has no solution and, therefore, only the stationary solutions corresponding to the principal strain directions are found. On the contrary, if one of the stretches is tensile and the other compressive, the additional solution corresponding to the remodelled fibre angle plotted in the figure is found. Finally, if λ 1 = λ 2 , no remodelling occurs and the fibres maintain the initial orientation (dashed line in the figure) .
The stability of the stationary solutions is studied by analysing the source term, i.e., the right hand side of the Eq. (4.38), which, for given λ 1 and λ 2 , is a function of θ defined by
whose graph, with φ 4 given by (4.41), is shown in Fig. 2 for different values of λ 1 and λ 2 .
As expected from previous analysis, when λ 1 and λ 2 are both tensile (compressive) only On the contrary, when λ 2 < λ 1 < 1 (green curve), α (0 • ) < 0 and the solution θ * = 0 • is stable, whereas α (90 • ) > 0 and θ * = 90 • is unstable. When the third solution appears (orange and yellow curves), the same reasoning shows that θ * = 0 • and θ * = 90 • are unstable solutions, whereas the one corresponding to the condition (3.33) is stable, for every λ 1 and λ 2 . In this configuration, fibres are unstretched and the elastic energy attains its minimum.
This stability analysis is confirmed by evaluating the sign definiteness of the Hessian of the elastic energy. For in-plane remodelling case here examined, convexity is equivalent to the positiveness of the term H 33 = H[W 3 , W 3 ], with W 3 = e 1 ⊗ e 2 − e 2 ⊗ e 1 . By using (3.35) and by considering that the energy depends on I 4 only, as in (4.41), one obtains 
that confirms the stability analysis based on the analysis of the derivatives of the function α(θ) in Fig. 2 .
Traction-driven evolution of plane fibres
In this section, we study the non-stationary solutions of the in-plane remodelling problem when the body is subjected to external loads. In particular, we consider a threedimensional cube-like body B, whose edges in the reference configuration are aligned along the directions of the orthonormal basis {e 1 , e 2 , e 3 }, and whose faces are subjected to constant normal external loads ±ŝ 1 , ±ŝ 2 , ±ŝ 3 measured as force per unit area in the reference configuration. The fibres are assumed to lie in the plane of unit normal e 3 and, with the aim to study an in-plane remodelling process, we further setŝ 3 = 0 for all the loading cases examined. Correspondingly, the vector a can be parametrised by the angle θ, whose initial uniform value is defined by the scalar field θ 0 = θ 0 (X). As usual, enforcing the incompressibility constraint (5.44) 2 makes mandatory to take into account also the reactive component of the stress and assume a representation of the reference stress S in the form: S =Ŝ(F) − pF , with the pressure p as an additional state variable of the problem. In order to numerically solve the equilibrium problem (2.26), the model was implemented in the commercial finite element software Comsol Multiphysics, which allowed us to solve the 1-parameter family of incompressible elastic problems, driven by the evolution of the orientation, in terms of the state variables (u, p), together with the evolution problem of the fibres in terms of the state variable θ. To do that, the model was firstly posed in integral form as: find u, θ and p such that, for all test fieldsũ,θ,p, the following condition holds true
whereŝ is the applied traction field on the boundary of the domain, −pF is the reactive part of the reference stress S, and α(θ) = M (θ)/m with M (θ) the Eshelby torque per unit of referential volume. In the in-plane case considered here, this latter quantity is given by the scalar field
Accordingly, the ratio t c = m/(µγ) defines the characteristic time of the evolution process, that depends on the shear modulus µ, the stiffening parameter γ, and the mobility m. Within the finite element software, the cube-like body was discretized by tetrahedral elements with approximately 1300 DOF. The numerical implementation of the full remodelling problem was carried out in two steps. Firstly, the solution (ū(X),p(X)) of the purely elastic problem corresponding to the fiber-reinforced cube with a uniform orientation θ 0 of the fibre was determined by means of a direct solver (MUMPS). Then, the full evolution problem was studied by using as initial values the solution of the previous step, i.e., θ(X, 0) = θ 0 , u(X, 0) =ū(X), and p(X, 0) =p(X), by means of a linear multistep method (BDF, order (5,1)). We studied three loading cases:
that differ for the initial fibre orientation θ 0 and for the ratio between the two normal tractions tractions ±ŝ 1 and ±ŝ 2 . The values of the tractions were chosen to recover the three stationary regimes observed in the strain-controlled analysis of previous section; namely, one corresponding to a stationary orientation 0 < θ * < 90 • (case I), the other to θ * = 0 • (case II) and the third to θ * = 90 • (case III). It is noticed that in all the loading cases and at each time instant, the orientation θ as well as the strain and stress states are homogeneous. In all the three cases, the values of the constitutive parameters were µ = 1 KPa, γ = 1 and m = 10 Pa·s, which correspond to a characteristic time of the remodelling process t c = 10 −2 s. The results of the analysis in terms of the time evolution of the fibre angle are shown in Fig. 3 in a semi-logarithmic plot (left panel) . The colours of the curves are the same already used in Fig. 2 : orange, green, and blue curves correspond to cases I, II, III, respectively. The green insets close to each curve represent the reference fibre-reinforced cube-like body and the corresponding tractions that drive the evolution of the fibre orientation from the initial value θ 0 to the stationary value θ * . The contour plots in the same figure (right panel) show the evolution of the stress along the fibre, i.e., σ a = σa·a, at four time instants for the loading case I (θ 0 = 10 • ); the corresponding orientation of a representative fibre is also visible in the contour plots. As inferred from the analysis in the previous section, for such a loading case, the fibres will align in the direction for Figure 3: Time evolution of the fibre angle θ for the three loading cases: case I (orange curve), case II (green curve), and case III (blue curve) (semi-logarithmic plot). The green insets close to each curve represent the initial configuration of the cube and the corresponding tractions, whereas the contour plots show the stress along the fibre at selected time instants for the loading case I. For the blue curve, the simulation reached the value of 87.9 • at t = 30 s, but for the sake of clarity only the first 3 s are shown.
which φ 4 = 0 (see Eq. (3.33)), thus I 4 = 1 and the fibres do not experience any stretch; in the present case, this corresponds to an angle of about 53.6 • . Correspondingly, the stress σ a monotonically decreases during the remodelling process passing from about 500 Pa, at the beginning of the evolution, to almost zero at the stationary solution; this latter value is not exactly zero due to the contribution of the isotropic part of the stress to σ a . The analysis of strains at the stationary solutions further shows that in case II, for which θ * = 0 • , the principal stretches are both compressive, with the one perpendicular to the fibre being lower than the other. On the contrary, in case III, for which θ * = 90 • , both the stretches are tensile, and the one in the orthogonal direction is larger than the other. In this latter case, the simulation reached the value of 87.9 • at t = 30 s and tended asymptotically to 90 • , but for the sake of clarity only the first 3 s are shown in Fig. 3 . Figure 4a shows the evolution of the Eshelby torque M in (5.46) normalised to the its initial value |M (θ 0 )|; the Eshelby torque evolves as a consequence of the evolution of the fibre orientation θ. Case I (orange curve in the figure) displays a non-monotonic behaviour with the torque initially increasing and then decreasing until vanishing at the stationary solution. This actually corresponds to the non-monotonic behaviour shown in Fig. 2 for α(θ) (we recall that M (θ) = m α(θ)), although in that figure the stationary value of the angle was different due to the slightly different values of the principal stretches in the two analyses. A similar analysis shows that the Eshelby torque corresponding to case II (green curve) and case III (blue curve) evolves towards zero monotonically. In particular, the negative value of M in case II (green curve) is due to the fact that the torque acts clockwise to make the fibre orientation evolving from the initial angle θ 0 = 40 • towards the stationary value θ * = 0 • . Finally, the effects of the mobility m on the evolution process are shown in Fig. 4b for m = {1, 10, 100} Pa·s; for the sake of clarity only two loading cases (I and III) are displayed. It is seen that an increase in the mobility parameter corresponds to an increase of the characteristic time of the evolution process that causes the fibres to reach their stationary orientation at higher times.
Conclusions and future directions
In this paper, a new model for transverse isotropic materials in which the reference orientation of fibres can evolve with time has been introduced within the context of finite elasticity with remodeling. The classical balance laws of elasticity are complemented with an evolution equation that controls the remodelling process, satisfying an extended energy imbalance principle. The inner source of the evolution equation is the Eshelbian torque, whereas the external source may incorporate stimuli driving the evolution of the fibres. In the passive case, when no external stimuli act on the material, fibres reorient themselves to make the inner torque vanishing. In such a configuration, the stress and strain tensors are coaxial and the elastic energy has an extremal point. The corresponding stationary orientation of the fibre may be aligned with a principal strain direction, but other orientations are indeed possible. These additional configurations have been completely characterised by showing that they are the solutions of an implicit equation of the invariants I 4 and I 5 : if this equation admits a solution, the corresponding remodelled orientation of the fibres represents a stable configuration, i.e., a minimum of the elastic energy; in this case, the principal strain directions, that are still stationary solutions of the evolution equation, are indeed maxima of the elastic energy, thus unstable configurations. On the contrary, if the implicit equation does not have a solution, the fibres will align along a principal strain direction, with the stable configuration being associated with the direction of minimum principal strain. The model has been implemented in Comsol Multiphysics to simulate the fibre reorientation in a mixed boundary value problem and can be used to study the reorientation of active materials or biological tissues.
The results of our analysis show that the strain-driven or stress-driven approaches followed in the literature, in which the fibres are aligned along the maximum principal strain or stress directions, are only possible in the presence of external stimuli and by supplementing energy to the system. Yet, these approaches can be easily integrated in our model by introducing a suitable forcing term in the evolution equation. Likewise, the thermodynamic framework used to derive the remodelling equation can be extended to study the residual stress effects which arise from the fibre reorientation driven by external stimuli. Viscoelastic effects can also be accounted for by properly modifying the constitutive equation of the stress tensor.
